The occurrence of spurious solutions is a well-known limitation of the standard nodal finite element method when applied to electromagnetic problems. The two commonly used remedies that are used to address this problem are (i) The addition of a penalty term with the penalty factor based on the local dielectric constant, and which reduces to a Helmholtz form on homogeneous domains (regularized formulation); (ii) A formulation based on a vector and a scalar potential. Both these strategies have some shortcomings. The penalty method does not completely get rid of the spurious modes, and both methods are incapable of predicting singular eigenvalues in non-convex domains. Some non-zero spurious eigenvalues are also predicted by these methods on nonconvex domains. In this work, we develop mixed finite element formulations which predict the eigenfrequencies (including their multiplicities) accurately, even for nonconvex domains. The main feature of the proposed mixed finite element formulation is that no ad-hoc terms are added to the formulation as in the penalty formulation, and the improvement is achieved purely by an appropriate choice of finite element spaces for the different variables. We show that the formulation works even for inhomogeneous domains where 'double noding' is used to enforce the appropriate continuity requirements at an interface. For two-dimensional problems, the shape of the domain can be arbitrary, while for the three-dimensional ones, with our current formulation, only regular domains (which can be nonconvex) can be modeled. Since eigenfrequencies are modeled accurately, these elements also yield accurate results for driven problems.
Mixed finite element formulation
Introduction
One of the major problems in computational electromagnetics using conventional nodal finite elements has been the occurrence of spurious solutions. In structural mechanics, mesh refinement helps to reduce the errors; however, in the electromagnetics setting, it merely increases the number of spurious modes. Edge elements [1, 2, 3, 4, 5] , which use basis function associated with each edge are widely used to circumvent this difficulty. These elements ensure tangential continuity of the field along an element edge and model the null space of curl operator accurately. They can model both, singularities and inhomogeneous domains. However, they also have their limitations [6, 7] . Since the normal component is discontinuous across element faces even for homogeneous domains, the efficiency is reduced. Another disadvantage is that coupling with structural or thermal variables (where nodal finite elements are used) in multiphysics problems could be difficult.
In order to deal with spurious modes within the framework of the nodal finite element method, a penalty function or regularization method [8, 9, 10, 11, 12, 13, 14] is used, where a term involving the divergence of the electric field is added to the original variational formulation. However, this method does not eliminate spurious modes, and in fact just pushes them towards the higher part of the spectrum; the problems with this method are particularly severe when non-convex and/or inhomogeneous domains are involved. Costabel and Dauge [15] and Otin [11] have proposed a weighted penalty method where a weight is appended to the penalty parameter which tends to zero at a field singularity. An alternative approach is the use of potentials [16, 17, 18] along with the choice of a suitable gauge. Even in this method, a penalty-type term has to be added. The method is quite robust even for inhomogeneous domains. However, because of the presence of the penalty term, it cannot predict the singular eigenvalues on nonconvex domains.
Recent works include using a combination of cubic Hermite splines and quadratic Lagrange interpolations [19] , and a least squares finite element method [20] . The former method can be applied only to regular geometries, while the latter uses nonstandard elements with stabilizing face bubble functions.
In this work, we develop nodal-based mixed finite element formulations for two and three-dimensional problems. The two-dimensional elements yields very accurate approximations of the eigenvalues, including the correct multiplicities. and including singular eigenvalues for non-convex domains. Nonhomogeneous and curved domains can also be modeled with these elements. The three-dimensional elements can currently be applied only to Cartesian geometries (including domains with singularities and inhomogeneous domains); further work is required to extend their capabilities to non-regular geometries. The main feature of the proposed mixed formulation is that no additional terms, such as the penalty terms that are used in regularized or potential-based formulations, are added to the variational formulation, and in addition, there are no parameters that have to be chosen by the user; alternative formulations which a-priori eliminate spurious modes are presented in References [13, 21] . The improvement is achieved simply by using appropriately chosen interpolations for the various fields. The other main feature is that standard C 0 Lagrange interpolations are used for all the fields, and standard Gaussian quadrature is used to compute all the matrices.
The outline of the remainder of the article is as follows. We first briefly review the variational and finite element formulations for the potential method. Next we discuss the variational formulation and interpolations for the proposed mixed finite elements. Finally, we show the high accuracy and robustness of the proposed formulation by comparing the solutions obtained against either analytical or benchmark solutions obtained using existing numerical strategies.
Mathematical Formulation

Maxwell Equations in Electromagnetics
The strong form of the Maxwell equations is [22] ∂B ∂t
where E and H are the electric and magnetic fields, D is the electric displacement (electric flux), B is the magnetic induction (magnetic flux), ρ is the charge density and j is the current density. The above governing equations are supplemented by the constitutive relations
where and µ are the electric permittivity and magnetic permeability, respectively. Substituting the constitutive relations into Eqns. (1a), (1c) and (1d), and assuming that and µ are independent of time, we get
From Eqns. (1d), (2a) and (4), we get the compatibility condition
Eliminating H from Eqns. (3) and (4), we get the governing equation for E as
The boundary conditions are that E × n is specified over part of the surface Γ e , and H × n is specified over the remaining part Γ h . Assuming absence of impressed surface currents, at a material discontinuity, both E × n and H × n should be continuous across the material interface. Introducing the relative permittivity and relative permeability r := / 0 and µ r = µ/µ 0 , where 0 and µ 0 are the permittivity and permeability for vacuum, Eqn. (6) can be written as r c 2
where c = 1/ √ 0 µ 0 is the speed of light. In the frequency domain, Eqn. (7) can be written as
where i = √ −1 and k 0 = ω 2 /c 2 is the wave number. Assuming j to be zero, the above equation reduces to
The above equation is used to solve the eigenvalue problem.
Variational Formulation 2.2.1. Conventional Potential Methods
Regularized formulations [9] yield wrong multiplicities of eigenvalues even for homogeneous domains, and spurious values on inhomogeneous ones. Hence, we focus on the potential formulation presented by Bardi et al. [18] , which is quite robust in that it yields correct results for both homogeneous and inhomogeneous problems provided the domain is convex. If the domain is non-convex, then due to the presence of a penalty-type term in its formulation, it fails to find the singular eigenvalues. Since the potentials are continuous across a material interface, a standard finite element formulation for the potentials can be used.
The governing differential equation given by Eqn. (8) is modified by replacing E by A + ∇φ as
where A and φ are vector and scalar potentials. The variational formulation is obtained by taking the dot product of the above equation with the variation A δ , and carrying out an appropriate integration by parts. A penalty term is added (see [18] ) to remove the spurious modes. Thus the final variational form is given by
Multiplying Eqn. (5) by the variation φ δ and replacing E by A + ∇φ, we get
For eigenanalysis Eqns. (11) and (12) reduce to
where the latter equation has been multiplied by k 2 0 to obtain a symmetric stiffness matrix. On parts of the boundary where E × n = 0, we prescribe A × n and φ to be zero.
Although, due to the presence of the penalty term, there are no zero eigenvalues corresponding to A, there are zero eigenvalues corresponding to φ as mentioned in Reference [18] , and the number of zero eigenvalues is equal to the number of unsuppressed φ degrees of freedom. This method is used to generate solutions (for problems where analytical solutions are not available) against which we compare the proposed mixed finite element formulation described in the following subsection.
Proposed Mixed Formulation
We now present mixed finite element formulations that predict both, the null space of ∇ × E and also the nonzero eigenvalues with the correct multiplicity. Inhomogeneous domains are handled by using 'double noding' at the interface along with Lagrange multipliers to enforce the continuity requirements on E × n; the implementation is similar to the implementation of E × n = 0 for perfectly conducting surfaces as discussed in Section 2.3.3. Due to the absence of any penalty term in the formulation, the mixed formulation can predict the singular eigenvalues for nonconvex domains accurately.
We start by introducing the new variable
The above relation is implemented in a weak sense within the context of our mixed finite element formulation in addition to the variational statement of the governing equation, which we rewrite in terms of h. Thus, the variational statements are given by
For eigenanalysis we set the load terms to zero, so that Eqn. (16) becomes
Finite Element Formulation
For both the conventional and the proposed mixed formulations, let the fields E and E δ be discretized as
where N is the matrix of standard Lagrange interpolations. Using the above interpolations, and assuming the material to be homogeneous for simplicity (we will relax this constraint later), we get
If one assumes a transverse electric (TE) field (E z = 0), then only (∇×E) z = ∂E y /∂x−∂E x /∂y and E = (E x , E y ) needs to be considered in the variational formulations. Thus, in place of Eqns. (19) we have
Conventional Potential Formulation
For implementing the potential-based method, the vector potential A and its variation A δ are discretized as
Similarly, for the scalar potential φ, we have
where
The discretized forms of Eqns. (13) and (14) are given by
Similarly, for driven problems, from Eqns. (11) and (12), we have
where K φA and K φφ are given by the same expressions as those for M φA and M φφ in Eqns. (23d) and (23e), and
Mixed Formulation
We interpolate h and h δ as
where P are the interpolation functions for h, and β are unknown parameters to be determined. Note that the interpolations are in some cases continuous and in some case discontinuous across element boundaries. If they are discontinuous, then the parameters β can be condensed out at an element level resulting in the same size of K as in the conventional nodal formulation as we now show.
Substituting the interpolations for h and h δ into Eqns. (18) and (17) and using the arbitrariness ofÊ δ and β δ , we get
From Eqns. (26b), we have β = H −1 GÊ, which when substituted into Eqn. (26a) yields
From the above expression, it is evident that a small matrix H needs to be inverted at an element level in order to form the element level 'stiffness matrix' K h . The computational cost of this inversion is negligible compared to the computational cost of solving the global set of equations.
In case one assumes a continuous interpolation for h (which is typically one order lower than the interpolation for E), then the β degrees of freedom cannot be condensed out at an element level, and one solves the system given by Eqns. (26a) and (26b), namely
Even in this case, the number of β degrees of freedom are much smaller compared to theÊ degrees of freedom (because of the lower-order interpolation being used for h). An additional advantage is that one obtains nodal values of a physically important variable, namely h (which is proportional to H) in case a continuous interpolation for h is used-in case of a discontinuous interpolation, averaging across elements sharing a node is performed to obtain a nodal value.
In the above mixed formulation that has been presented, note the complete absence of either any factors that need to be adjusted by the user or terms that are added in an ad-hoc way to the variational formulation (such as penalty terms).
For driven problems given by Eqn. (16), the mixed finite element formulation with a discontinuous interpolation for h is given by
where K h is given by Eqn. (28) and
Elements based on a discontinuous interpolation for h:
The stiffness matrix K h for these elements is formulated using Eqn. (28). The planar 4-node quadrilateral, 9-node quadrilateral and 7-node triangular elements, denoted by A4, A9 and T7 are used for TE fields, while the threedimensional 8-node and 27-node hexahedral elements denoted by S8 and S27 are used for vector problems. Full integration, namely, 2 × 2, 3 × 3, 12-point 1 , 2 × 2 × 2 and 3 × 3 × 3 integration rules are used for these elements. The natural coordinates are denoted by (ξ, η) for the planar elements and by (ξ, η, ζ) in the case of three-dimensional elements. The Jacobian matrix is denoted by J . The interpolations used for h are as follows:
7-node triangular element (T7) The 7-node triangular element is obtained by adding a midnode to the conventional 6-node triangular element. The shape functions for the electric field are denoted by N i , i = 1, 2, . . . , 7:
1 A 7-point rule also yields almost identical results.
with the bubble mode N b = ξη(1 − ξ − η). The interpolation for h = h z is P = 1 ξ η .
8-node hexahedral element (S8)
where cof J T = (det J )J −1 is the transformation matrix that transforms the interpolation functions from natural coordinates to physical ones.
27-node hexahedral element (S27)
, where P L = 1 ξ η ζ ξη ηζ ξζ ξηζ .
A continuous interpolation was also tried for both for these elements, and also for a tetrahedral element, but yields erroneous results. In their current form, the three-dimensional S8 and S27 elements work only for regular geometries (where the Jacobian within an element is a constant) but otherwise yield correct results even for nonconvex and inhomogeneous domains. The two-dimensional mixed finite elements have no such restriction, however, and yield good results for arbitrary (convex/nonconvex and homogeneous/inhomogeneous) domains. A 9-node quadrilateral with a discontinuous interpolation
was also tried. Similar to the A4 element which yields a wrong multiplicity of the eigenvalue 18 on a square domain (see Table ( 5.6) in Reference [23] ), this element is also mildly unstable, in the sense that it yields a wrong multiplicity of the eigenvalue 49 on a fine mesh for the square domain problem discussed in Section 3.1.1; in spite of this small drawback, it might be suitable for getting a good engineering approximation. Hence, we have preferred to use a continuous interpolation for h in the case of the 9-node element as described in the following section. This modification gets rid of this mild instability yielding a stable element. Elements based on a continuous interpolation for h: For the 6-noded triangular element P 2 -P 1 (T6), we use the formulation given by Eqn. (29) with P now given by the usual interpolation functions (i.e., (ξ, η, 1 − ξ − η)) for a 3-noded triangle. The mid-side nodes 4, 5 and 6 only have the (E x , E y ) degrees of freedom associated with them, while the corner nodes 1, 2 and 3 have three degrees of freedom, namely, (E x , E y , h) at each node where h = h z (thus, there are 15 degrees of freedom per element). A 6-point integration rule is used for all the matrices. Similarly, for the 9-node quadrilateral element Q 2 -Q 1 , we use the four corner nodes and the standard bilinear interpolation functions associated with them for interpolating h (thus, there are 22 degrees of freedom per element). A standard 3 × 3 quadrature rule is used for computing all the matrices.
Implementation of E × n = 0 for curved boundaries
The constraint E × n = 0 is implemented in a weak sense using Lagrange multipliers in our formulation. This is especially convenient when the boundary is curved. For example, the set of equations given by Eqn. (27) for elements adjacent to the boundary (for elements not adjacent to the boundary, the Lagrange multiplier degrees of freedom are suppressed) for a planar quadrilateral element gets modified to
where ξ is the natural coordinate that parametrizes the boundary of the element, and
For three-dimensional hexahedral elements, it gets modified to
where t is a 2 × 3 matrix containing along its rows two linearly independent vectors t 1 and t 2 that are both perpendicular to the normal n, (ξ, η) are the natural coordinates that parametrize the surface of the element, and
Since the Lagrange multiplier technique cannot handle abrupt changes in slope of the continuum (e.g. corner of a square, edges of a cube), the entire E vector along corner or edges with a discontinuous normal n is set to zero explicitly, and the corresponding Lagrange multipliers are also suppressed.
The above discussion for two-dimensional elements has been restricted to finding the TE modes. In order to get the transverse magnetic (TM) modes we have to consider the formulation based on H. Then instead of Eqn. (7), we get µ r c 2
By comparing Eqns. (7) and (31), we see that the TM modes can be obtained simply by interchanging µ r and r in the finite element formulation (now in terms of H), and by not imposing any boundary condition on the boundary since E × n, and hence (∇ × H) × n, is zero on the boundary (this natural boundary condition is thus implemented in a weak sense).
Numerical Examples
In the following examples we use SI units. B9 and B6 denote the (potentialbased) conventional 9-node quadrilateral and 6-node triangular elements respectively, whereas A9, T6 and T7 denote the proposed mixed 9-node rectangular and 6-and 7-node triangular elements respectively. In the threedimensional case, B8 and B27 denote the conventional 8-node and 27-node hexahedral elements, while S8 and S27 stands for the corresponding mixed elements. For all the homogeneous problems considered in this work, we have assumed r = µ r = 1.0. Since we do not penalize the divergence of E explicitly (penalization suppresses the singular eigenvalues in the case of nonconvex domains as in the case of the potential-based formulation), we get zero eigenvalues corresponding to the gradient of some scalar field, and which is mesh and element-type dependent. The zero eigenvalues reported in the tables are generally of the order 10 −10 or smaller; thus, we see that the null space is computed extremely accurately by the proposed method.
Eigenvalue Problems 3.1.1. Square domain with perfectly conducting surfaces
In this example, we find the eigenvalues for a square domain of dimension π with perfectly conducting surfaces. Tables 1 and 2 list the results obtained using various elements. Uniform 8 × 8 and 16 × 16 meshes of A9 and B9 elements are used. By subdividing each 9-node element into two 6-node triangular elements, we obtain an equivalent mesh of T6 elements. To obtain the mesh of 7-node triangular elements, we simply add a midnode to each T6 element. The edge element results are taken from Reference [1] . The convergence of eigenfrequencies with mesh refinement can be observed for the proposed formulation. As already mentioned, the zero eigenfrequencies (the null space of the curl operator) are also approximated very accurately, and number of these frequencies are also listed in the tables.
Although in this example the conventional formulation (B9 elements) works well, we see in the following example that its performance degrades sharply for nonconvex geometries.
L-shaped domain with perfectly conducting surfaces
The L-shaped domain is obtained by deleting one quadrant from the square domain problem considered in the previous example. It is known that this nonconvex domain has one singular eigenvalue. Table 3 presents the results for various elements. Each of the 3 quadrants of the L-shaped domain is meshed using uniform 8 × 8 A9 and B9 meshes. The T6 and T7 triangular element meshes are generated from these meshes in the same way as in the previous example. The edge element results are again taken from Reference [1] . It can be seen from Table 3 that the conventional formulation using B9 elements cannot predict the singular eigenvalue as mentioned earlier. Furthermore, it also predicts a spurious eigenvalue (1.604). The proposed mixed elements do not have these drawbacks, and predict even the singular eigenvalue accurately. Now consider the same L-shaped domain as above, but with inhomogeneous properties as shown in Fig. (1) of Reference [1] . Table 4 results for different elements with the same meshes used as in the homogeneous domain case. In the case of our mixed formulation, the material discontinuity is handled using 'double noding' at the interface, and Lagrange multipliers to enforce the continuity requirements. With the conventional formulation using B9 elements, the singular eigenvalue is again missing, and a spurious eigenvalue is also present just as in the homogeneous domain case. The proposed mixed elements A9, T6 and T7 are free of these shortcomings.
Curved L-shaped domain with perfectly conducting surfaces
This example taken from [24] is challenging due to the presence of both mesh distortion and a singular eigenvalue. We use a 8 × 4 mesh (in the r and θ directions) of B9/A9 elements for discretizing each of the three curved quadrants of the domain. The meshes for T6 and T7 elements are constructed from these meshes as in the previous examples. Table 5 presents the results for the proposed mixed finite elements, and shows that the proposed method can handle both mesh distortion and singular eigenvalues. Note again that these values are obtained without having to adjust any parameter in the formulation.
Circular domain with perfectly conducting surfaces
Consider a circular domain of radius unity with perfectly conducting surfaces. Here, we also consider the case where a crack runs from the periphery to the center as shown in Fig. 1 . Analytical solutions for the uncracked and cracked domains are presented in [25] and [26] . The crack is modeled just as one would model a sector of a circle, i.e., using 'double noding' along the crack. For both problems we use uniform 8 × 32 meshes along the r and θ directions as shown in Fig. 2 , with 6-node triangular elements in the layer around the origin and 9-node elements elsewhere. Table 6 presents the results for both cases. For the full circular domain both B6/B9 and T6/A9 show good agreement with the analytical solution. In the case of the cracked circular domain, the singular eigenvalue is not predicted by the B6/B9 elements, and there is a spurious nonzero eigenvalue of 6.431327. On the other hand, there is excellent agreement between the results obtained using the proposed T6/A9 elements and the analytical solution, including the multiplicity of the eigenvalues.
We now present some three-dimensional examples.
Cube with perfectly conducting surfaces
Consider a cube of dimension π. We discretize this domain with a uniform 7 × 7 × 7 mesh of 27-node hexahedral elements and an equivalent (i.e., having the same number of nodes) mesh of 8-node hexahedral elements. Table 7 Figure 1: Cracked circular domain Table 8 presents the comparison of the proposed elements with the benchmark results presented in [24] . Analogous to the two-dimensional L-shape domain case, not only does the B27 element fail to predict the singular eigenvalue, but also predicts a spurious eigenvalue of 13.888613. Both the proposed elements S8 and S27 yield good results.
Fichera corner with perfectly conducting surfaces
The domain is obtained by excluding the cube Figure 5 in [20] ). We use uni-
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Driven problems
The stiffness matrix for the mixed formulation includes the null space of the curl operator, and hence is singular. So, we use a modal approach to solve (frequency) driven problems. Since each mode satisfies the divergencefree condition ∇ · ( E) = 0, within the context of the modal method and similar to edge elements, one can only solve driven problems where ρ is zero. In contrast, the conventional formulation based on potentials excludes the null-space by adding a penalty term as already discussed, and hence one can directly solve the system of equations in Eqn. (24) . Since the problems that we consider here do not have singularities (we are unable to find benchmark problems involving singularities for driven problems in the literature), the solutions obtained using conventional elements are marginally better than the proposed elements. 
Two dimensional problem
A square of dimension π with r = µ r = 1, and perfectly conducting surfaces is subjected to a forcing j given by
The analytical solution is given by 
Three dimensional problem
A cube of dimension π with perfectly conducting surfaces is subjected to µ 0 ωj x = (2 − 2i)(k The analytical solution is E x = (2 + 2i) cos x sin y sin z, E y = (−1 − i) sin x cos y sin z, E z = (−1 − i) sin x sin y cos z, µ 0 ωH x = 0, µ 0 ωH y = (−3 + 3i) cos x sin y cos z, µ 0 ωH z = (3 − 3i) cos x cos y sin z. Table 11 presents the results at four different points in the domain with ω = 3 × 10 8 rad/sec. Similar to the two-dimensional case, the conventional elements perform marginally better compared to the mixed ones due to the absence of a singularity. ,0, 
Conclusion and Future Work
Existing nodal finite element methods for electromagnetic problems either use some kind of a penalty or non-standard interpolation functions. A formulation based on potentials works well for convex domains, even in the presence of inhomogeneities, but fails to predict singular eigenvalues in the case of nonconvex domains besides predicting some spurious eigenvalues.
In this work, we show that mixed finite element formulations are capable of yielding accurate solutions for any domain (convex or non-convex), even in the presence of inhomogeneities. The proposed formulation not only yields accurate values for the eigenvalues but even predicts their multiplicity accurately. In contrast to existing formulations, no penalty terms are added to the original variational formulation, and no factors need to be adjusted in order to obtain the results. Thus, there is very strong numerical evidence that the proposed elements (except the A4 element) satisfy the LBB (inf-sup) conditions [27] .
Currently, although the two-dimensional formulation works for arbitrary geometries, the three-dimensional elements work only for regular geometries, but otherwise yield accurate results even in the presence of singularities.
